5 Year - Hons Maths Problem Set 7 [The Circle]- Solutions
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(a) A circle with centre (=3, 2) passes through the point (1, 3).Find the equation of the circle.

(1,3) Circle C with centre (h, k), radius r.
(x=h) +(p—k)F =% 0

.......

d=m—x) + =y | o

r=y(=3=1)* +2-3)

=r=V16+1 =417

Equation of the circle: (x—(=3))* +(y-2)? = (J17)?
(43 H(y-2)2 =17

(b) A tangent is drawn to the circle 2 + )2 =13 at the

Find the value of .
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point (2, 3). This tangent crosses the x-axis at(k,O).
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a
(¢) A circle passes through the points (8, 5) and B(9, - 2). The centre of the
circle lies on the line 2y — =T,

(i) Find the equation of the circle,
(ii) 2 is a point on the major arc ab of the circle. Show that |Zapb| = 45° b

1(¢) (i)

E’g+j@?%2§:+2}j@ﬂ?c=&0& e H
Substitute points g and 5 into the equation of the circle, C.

aeC::>64+25+16g+10f+c=0
S 16g+10f+c=-89... §))]

bEC:>81+4+18g—4f+c=0
" 18g-4f+c=-85..... (2)

(-g, ~flel=-2g+3f-7=0
28=3f==7..(3)

Eliminate ¢ by subtracting Eqn. (1) from Eqn: (2):
S 2g-14f=4....(4)

Now subtract Eqn. (4) from Eqn. (3):

f ==l f=o]

Substitute this value of finto Eqn. (3);

2g=3(-)=-7= 2g=~10

Lg==5
Substitute these values of g and finto Eqn. (1):
" 16(=5) +10(=1) + ¢ = -89 — —80~10+c=-89
S =]

Equation of C: X+ y' ~10x=2p+1=0

1 (c) (i)
If |Zapb|=45° then the angle standing at the centre must

be 90°. Therefore, you need to show that ao is perpendicu-
lar to bo, where o is the centre of the circle.

5-1 4
S1 f ao: — T
ope of ao: m, et
Slope of bo: m, =;2—_-—1_—__1

9-5 -

The slopes are perpendicular as mxm, =-1.
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(@) .t2.+y3-4x—6y+5=0andx2+y3—6.r—8y+23=0

are two circles.
(1) Prove that the circles touch internally.

(ii) Find the coordinates of the point of contact of the
two circles.

Circle C with centre (=g,— f), radius r.

Gt X+ y —-4x-6y+5=0
Centrepl(z, 2k n=v4+9-5 =\/§=2\/§
Cy X +y'—6x-8y+23=0

Centre p,(3,4), r, =V/9+16-23 =2

¥y +2ge+2 f+c=0

r=yg*+ floc

() (i)

INTERNAL TOUCH

lP}P:‘:’i -

JPIPzIz\/(Z—3)2+(3_4)2 ]
r[""'z =2‘/—2-“"\/5=\j§

Therefore, the circles touch internally.

a) (ii)
A(s ():an be seen from the diagram, the centre of C, lies on C, because its radius is twice that
of C,. The point (3, 4) is the mid-point of (2, 3) and the point of contact.
(2,3) > (3,49 —>(4,5)
(4, 5) is the point of contact between the two circles,
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(b) A circle has its centre in the first quadrant. The x-axis is a tangent to the
circle at the point (3, 0). The circle cuts the y-axis at points that are 8 units $ .
apart. Find the equation of the circle.

g

Centre (3,5),r=35

Circle C with centre (A, k), radius r.

=R (y-kP=r> | o

Eqn. of circle: (x=3)* +(y—=35)? =25

Were: Pecmse cirele is
ﬁ»&}fw—ﬂ‘ s e M—onecis

"‘-:..-"? wﬁc(:{,r) e P

(3,0)







W

Eoos]

\

r

(@) a(-1, -3) and 5(3, 1) are the end-points of a diameter of a circle. Write down the
equation of a circle.

YoLTIon
(a)
The centre o is the mid-point of [ab].

Mid:point =[x142-x2, y1+yzjz(—l+3 _3+1)=(I,—-1)

2 2.7 2
The radius of the circle is half the distance lab|.
"=%\/(xz -+, =p) = %\/(3+1)2 +(1+3)? =3'\/§ =%

Circle C with centre (A, k), radius . (=R +(p—k) =r* o

C: (x=1+(y+1)’ =(2V2)* = (x~1)? +(y +1)? = 8. This answer is fine. However, if you

decide to expand the equation you will get: x>+ 32 —2x+2 y=6=0

(b) Circle C has centre (5, —1). Theline L: 3x-4y+11=0isa tangent to C.
(1) Show that the radius of C is 6.

(ii) Thelinex +py+1 =0 is also a tangent to C.
Find two possible values of p. L o

(b) (D
The radius of the circle is the perpendicular distance from the centre to the tangent.
Centre (5, -1), L: 3x—4y+11=0

]a:qt+b;»1+c|-
g B®-4D+1y _[is+a+11_s0_ e €
I (-4 Vs s
(b) (i)

The perpendicular distance of the centre to this line is the radius (6 units).
Centre (5, -1), L: x+ py+1=0,d=r=6

R S ey +1=l6- d=b Tl 1
T =8P =l =210

= 36(p’ +1)=36-12p+ p* [Square both sides]
=36p"+36=36-12p+p’ =>35p7 +12p=0

= p(35p+12)=0=> p=0,-4
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(¢) The circle sisx* +y 2+ dx + 4y =17 = 0 and k is the line 4x + 3y = 12.
(i) Show that the line 4 does not intersect s.
(i) Find the co-ordinates of the point on s that is closest to k.

© ()
To show that the line X does not intersect the circle S can be done in two ways:
Method 1: Solve X and S simultaneously and show it has no real solutions.
Method 2: Show that the perpendicular distance from the centre of the circle to the line X
is greater than the radius of the circle. [This is a better method.]

12-3y

Method 1: K: 4x+3y=12=x=

12-3y
4

)+4y—17=0

2
$; x2+y2+4x+4y—17=0=>[£;—3—y] +y2+4(

2
:{144 7126"*94" )+y2+12——3y+4y~17=0

= 144-72y+9y* +16)* +192-48y +64y-272 =0
=25)*~56y+64=0

a=25b=-56,c=64
b —dac =(-56)* - 4(25)(64)=3136-6400=-3264<0
Therefore, there are no real solutions and so K and S do not intersect.

Method 2: Circle C centre (—=g,— f), radius r.

S: X' +y  +4x+4y-17=0 Ty gy i o
Centre (<2, =2), r=yJg*+ fl=c=Jd+4+17 =5

s 4(=2)+3(=2)-12] _|I26 _26
V42 32 > &

>5







(a) A circle has centre (-1, 5) and passes throu

gh the point (1, 2). Find the equation of
3 the circle.

SoLuTion
(a)

Circle C with centre (h, k), radius r.

(x=h) +(y—k)* =r? o

Centre (~1, 5), 7 = (-1-1)* +(5~2) =4+ 9 =13
Circle: (x+1)* +(y-5)*=13

(1,2)

Multiplying this equation also gives x* + ¥ +2x-10y+13=0=13

(b) The point a(5, 2) is on the circle K: x* + y* + pxr -2y +5=0.
(i) Find the value of p.

(i) The line L: x— y—1=0 intersects the circle X. Find the co-ordinates of the points
of intersection.

(b) (i)
If a point is on the circle you can substitute it into the circle equation.
L 25+4+5p-4+5= 0=5p=-30=p=—6

(b) (ii)

StEPS

1. Isolate x or y using equation of the line.
2. Substitute into the equation of the circle
and solve simultaneously.

LLx-y-1=0>x=y+1
2. K: x*+° —6x=2y+5=0= (y+1)’+y* —6(y+1)-2y+5=0
::>y2+2y+1+y2—6y—6—2y+5=0=>2y2—6y=0

=>y2—3y=0=>y(y—3)=0=>y=0, d=hp=14
Ans: Points of intersection are (1,0) and (4, 3).







- (c) The y-axis is a tangent to the circle x> + y? +2gx+2f+¢c=0.

(i) Provethat 7% =c.

(i) Find the equations of the circles that pass through the points (-3, 6) and (=6, 3)
and have the y-axis as a tangent.

(c) ()
:>r2=gZ=g2+fz—c
= Yo 4

(c) (ii)

(=3, 6)is on the circle x* + y* +2gx +2 fr+¢c=0
=9+36-6g+12f +c=0=>6g~12f —c =45._(1)
(=6, 3) is on the circle x* + y* +2gx+2 fj+c =0
=36+9-12g+6f +c=0=12g 61 —c =45..(2)

Y-axis is a tangent = ¢ = f2..(3)
Now look at the three equations. Eliminate g from equations (1) and (2).

126~6f—c=45..(2) _, | 128-61-c =45
68 -12f —c=45..(1)x (-2) ~12g+24f+2¢=-90

18f+¢c =-45...(4)

Substitute equation 3 into 4.
18f+c=—45=187+ f2=—45= f2 418 +45=0
(S +I5f+3)=0= f=_15, -3

Using equation 3: ¢ = f? = ¢ =225, 9

Using equation 1: 6g—12f—-c=45:>g=£4i62iﬁ:>g=15, 3

Therefore the two equations are:
X+’ 4+6x-6y+9=0 and x +y* +30x-30y+225=0.







